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Abstract

Thurston’s introduction of the asymmetric metric on Teichmuller space brought
new interest to the hyperbolic geometric perspective to Teichmuller theory, which
earlier was viewed in terms of complex analysis. In this dissertation, I go over several
well known results in hyperbolic geometry and Teichmuller theory. Some theorems
in Thurston’s seminal paper [Thu98] are proved in this dissertation in detail using
the proof ideas presented by Thurston. In the last chapter of this dissertation, the
dilation ray construction in [CE21] is shown to be a Thurston geodesic for the case

when the geodesic lamination is a pants decomposition.
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Introduction

The Teichmiiller space, Teich(.S), was mostly studied to understand complex analytic
structures that a given surface S can admit and maps between them. Teichmiiller
had introduced a metric on Teich(S) which measured the optimal quasi-conformal
constant of quasi-conformal homeomorphisms between two complex structures on S.

A detailed review of this is given in [FMI11].

Thurston’s motivation for introducing the asymmetric metric in [Thu98] was to
give a geometric perspective on Teich(S). For compact surfaces with negative Eu-
ler characteristic there is a bijective correspondence between complex structures and
hyperbolic structures. Thus by replacing quasi-conformal maps between complex
structures with Lipschitz maps between hyperbolic structures, we obtain Thurston’s
asymmetric metric as described in chapter II. Constructing Lipschitz maps with the
optimal Lipschitz constant between hyperbolic structures is equivalent to construct-
ing geodesics for Thurston’s metric. In [Thu98|, the construction of stretch rays is
the first construction of geodesic rays on Thurston’s metric. Since then many more
constructions for geodesics in the asymmetric have been given, for example by Pa-
padopolous, Yamada, Therét. See [PS24] and references there in for an overview of
different constructions of geodesics in Thurston’s Asymmetric metric. In section 2
of chapter II of this thesis key properties of Thurston’s metric are proved in detail,

filling all the gaps in the proofs presented in [Thu98].

In [Luo07], Luo shows that by cutting up a surface with compact boundary >
into colored right-angled hexagons and assigning to each non-boundary edge e of the
hexagons the radius coordinate z(e), the map from Teich(X) to the space of weighted
filling arc systems, |«%n(X,0%)| x Ry, defined as Y — ) _z(e)e is a homeomorphism.
More recently this result has been generalized using orthogeodesic foliations and spines
of surfaces; which are described in chapter III. Given any hyperbolic surface with
boundaries and crowns Y the closest point projection to the boundary of Y defines

a measured foliation on Y called the orthogeodesic foliation O(Y, dY'). Transverse to
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the core of the spine there are special arcs called “dual arcs” arcs to the spine which
form a filling arc system on Y. In [CF21], using the measure of the edges of the spine
corresponding to the dual arcs as weights the map A : Teich(X) — |@%n (X, 0X)| x Ry
is defined, and is shown to be a homeomorphism. This map is actually equivalent to

the map described by Luo when the surface has compact boundary.

Given a closed hyperbolic surface X and a lamination A on X Calderon and Farre
define dilation rays based at X with respect to A in Teich(S). This construction is
defined in section 3 of chapter III of this dissertation. In their paper, Calderon and
Farre ask whether these dilation rays are geodesics in Thurston’s metric. In the final
section I present a new result proving that whenever \ is a pants decomposition of X
then dilation rays are geodesics in Thurston’s metric (theorem .

The key idea in the proof is to “average” Thurston stretch maps along “opposite”
maximal laminations so that the dual arcs of the pants are fixed at the endpoints. To
show that this average map fixes the endpoints of the dual arcs a new space Teichy(Y")
is constructed which forms an R"—principal bundle over Teich(X) where n is the num-
ber of boundary components of Y. Then it is shown that there is a special section of
this where the dual arcs are preserved and that the points of this section are marked

by the average map.

The first chapter of this dissertation covers some basic hyperbolic geometry and
highlights some important results and concepts. The second chapter covers some
Teichmuller theory and Thurston metric. The final chapter sets up the background
for Dilation rays and the final section is devoted to proving theorem [[TL.15]



Chapter I
Hyperbolic Geometry

This chapter is a quick review of Hyperbolic geometry and Hyperbolic surfaces. Most
results mentioned here are well known and thus proofs are omitted. Most of the proofs
can be found in [Kat92] [CB8S8| Bus10].

I[.1. THE PLANE, DISK, AND HYPERBOLOID MODEL

This section introduces three models of the hyperbolic plane and some of it’s basic

properties. These three will be used in later sections based on convenience in proofs.

Definition I.1. The Hyperbolic plane is the upper-half plane H? = {z € C | $(2) >
0} with the Riemannian metric ds* = (dz? + dy?) /y>.

This means that in the tangent space T.H? we have the inner product

RE-7)
= . I.1
This inner product induces the norm || - || on 7,H?. Using this Riemannian metric we

can define the distance on H? between two points z,w as follows:

d@w:@/MWW:@/§%kM (1.2)

where the infimum is over all curves v between z and w. The group of Mobius
transformations with real coefficients are isometries of H2. This group is generated
by z— z+4+a, z+— Az, and z — —1/z. It is a straightforward computation to show
that this group acts transitively on H2. Mobius maps with real coefficients form a
group isomorphic to PSL(2,R). Hence we view PSL(2, R) as a subgroup of Isom(H?).

In fact, we know a much stronger result:



Proposition 1.2 (see [Kat92, [CB8]|). The isometry group of H? is generated by
PSL(2,R) along with the map z — 1/z. The orientation preserving isometries are
precisely the elements of PSL(2,R).

In any metric space X, we define a curve v : [a,b] — X to be a geodesic if v is an
isometry, i.e. d(y(t),y(t")) = |t — | for all ¢,#' € [a,b]. The geodesics of H? can be

completely classified:

Proposition 1.3 (see [Kat92, [CB8S|). H? is uniquely geodesic and the geodesics of

H? are semi-circles and lines which are perpendicular to the boundary OH?.

Remark. Note that the boundary 0H? is the boundary of the upper half plane inside
the Riemann sphere. Thus OH? = R U {oo}.

Let D(0,1) be the open unit disk in C. There is a natural biholomorphism ¢ :
H? — D(0,1) given by 2z — (2 —1i)/(z +4). Using this map we can pull-back the
Riemannian metric of H? to D(0,1). This metric on D(0,1) turns out to be

4]dz|?

2
=T epp

(L.3)
This is called the Poincare Disk model of the hyperbolic plane. Using the biholomor-
phism ¢, we deduce that the geodesics in the disk with the above metric are diameters
and circular arcs which are perpendicular to the boundary, which is the unit circle
in C. We denote this model by H? as well, as in most cases it either will not matter
which model we are referring to or it will be clear by context. The isometries in the
disk model explicitly are given by maps of the form

1—az’

zrre la] <1 (L.4)

These form a group isomorphic to PSL(2, R).

Consider R? with the bilinear form h(X,Y") = z,y; + x2y2 — x3y3 and define the set
H={XeR®|h(X,X)=—-1 & z3 > 0}. The bilinear form induces a Riemannian
metric on H given by ds? = da? + dx3 — dzi. The space H with this induced metric

is isometric to H2. This can be seen explicitly via the map f: D(0,1) — H

2 2 1 2
r r +r ) (15)

1_ ’[“2 COS(Q)7 1_—702 Sin(@), 1_—73

.0 = (

Thus H is just another model for H? and is called the Hyperboloid model. The isome-
tries in this model are just matrices A € GL3(R) which preserve the bilinear form.
This is the group SOy(2, 1), which is isomorphic to PSL(2,R). Explicitly these are
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generated by the matrices of the form (see [Busl0]):

cosc —sino 0 coshp 0 sinhp
L,=| sinc cosoc 0 | & M,= 0 1 0 (1.6)
0 0 1 sinhp 0 coshp

Consider the point py = (0,0, 1) and the curve u(t) = M;(po), which by definition is

a geodesic. This geodesic corresponds to the geodesic ie! in the plane model.

[.2. AREA AND TRIGONOMETRY

A polygon in H? is a subset P C H? U 0H? which is bounded by finitely many piece-
wise by geodesics. Studying polygons gives a concrete picture of geometry in H2. The
key aspects to understand are what is the area of a given polygon and how are the

sides and angles of the polygons related.

Definition I.4. The area measure induced by the Riemannian metric on the plane
H? is:

u(s) = [ = (L)

Yy
where S C H2.

This measure is preserved under the action of PSL(2,R). The most important

result regarding the area of polygons is the Gauss-Bonnet theorem.

Theorem 1.5 ([Kat92]). The area of a hyperbolic triangle A with angles o, B, is
pA)=m—a—pg—r.

An immediate corollary of this is that the area of any n—sided polygon P with
angle (a;)i, is p(P) = (n —2)m — ). .

Given a triangle A with side lengths a, b, ¢ and angles opposite to the sides «, 3,7,
is it possible to deduce a relation between these quantities like in the case of Euclidean

geometry? The answer is yes!

Theorem 1.6 (Sine and Cosine Rule). Given a triangle A with side lengths a,b, c
and angles o, B3,7:

cosh ¢ = —sinh asinh b cosy 4 cosh a cosh b (L.8)

cosy = sin asin B cosh ¢ — cos avcos 3 (1.9)

sinh a B sinh b B sinh ¢

sin « sin 3 sin y

5



Proof from [Bus1()]. We work in the Hyperboloid model. Without loss of generality
assume that the side c is placed along the geodesic 1 and the vertex with angle « is

at po. Note that M, performs a translation along ;1 and L, performs a rotation about

po. From figure [[.1] we get,
Lo aMyLy_ MyLy_sM, = Iy (L11)

Carrying out the matrix multiplication and rearranging we complete the proof. [

¢ Do H

Figure I.1: The translation M, brings the vertex with angle 3 to py and L,_g rotates
it so that the length a is along ;. Repeating this, we eventually get the triangle back.

The same technique can be applied to any polygon to get relations between the
sides and angles. As right angled hexagons will be important later on I state the Sine

and Cosine rules for that here.

Theorem 1.7 (Sine and Cosine Rule for Hexagons). Let H be a hexagon with side
lengths a,v,b,a, ¢, B (in that order). Then

cosh ¢ = sinh a sinh b cosh v — cosh a cosh b (I.12)
coth asinhy = coshy cosh b — cothasinh b (I.13)

sinh a sinh b B sinh ¢

(1.14)

sinha  sinhfB  sinh~y

[.3. (X,H) STRUCTURES AND HYPERBOLIC SURFACES

Let X be a differential n—manifold and let G be a Lie group which acts analyticallyﬂ
and transitively on X via diffeomorphisms. A smooth map f: U — X where U C X
is said to be locally-G if for all open sets U; C U there exists a g; € G such that

Ui:f

!This means that whenever g;, g2 € G such that for some open set U C X, g1l = go2|y then

gi U;-

g1 = g2. The motivation for this comes from analytic continuation.

6



Definition I.8 ((X, G)—structures as defined in [Gol22]). We say that an n—manifold
M has (X, G) structure if there is an atlas {(Ua, 9o : Uy = X)} of M where ¢, are

homeomorphisms onto their images and the transition maps are locally-G' maps.

A map f: M — N between two (X, G)—manifolds is called a (X, G)—map if
Yo fop,!is alocally-G for coordinate patches (Uy,¢,) on M and (Vj,13) on N.
It is easy to check that any locally-G' map f has the unique extension property, i.e.
there is a unique g € G such that g|y = f.

Given a (X, G)—manifold M there is a unique (X,G)—structure on the uni-
versal cover p : M — M. Moreover, the Deck group m(M) will act on M by
(X, G)—automorphisms. Fix a base point p € M and a coordinate neighborhood
(V,1) of p. Define an extension Dev,,; : M — X of ¢ as follows:

1. For any point m € M let v : [0,1] — M be a path from p to m. The path can
be covered by finitely many coordinate charts {V;,v;} such that V5 = V and

1o = 1 and there are intervals (a;, b;) with
O:a0<a1<bo<a2<bl<a3---<bn:1 (115)

and {7(t)}a,<t<p; C Us. See figure [[.2]

2. By the unique extension property, there is a g; € G such that g; o ¢; =1, 1 on
the open set U; N U;_;.

3. Define Dev,y = g1 - - - gnthn(m).

The map Dev, y : M — X is well defined and unique extension of ¢ : V — X. For
some other chart (V') the extension will differ by the action of some unique g. For
some v € m (M) both Dev and Devy are developing maps extending different charts
and thus it follows that there is some unique g € G such that Devy = gDev. The
map hol : v — g is an injective homomorphism from 7 (M) — G. A proof of these
claims can be found in [Rat94]. The map Dev is called the developing map and hol is
called the holonomy.

The following theorem from [Gol22] summarizes the above discussion:

Theorem 1.9 (Development Theorem). Let M be an (X, G)—manifold and p : M —
M be a universal cover of M. Then there exists a pair (Dev: M — X, hol : m (M) —

7



Figure 1.2: The construction of developing map.

G) such that for all v € (M) the diagram

Dev X

M
|

M Dev X

commutes. Here Dev is a developing map and the homomorphism hol is called the
holonomy representation of m (M). Moreover, if there is another pair (Det, hol)
with the same properties, then Det = gDev and hol = g - hol- g~ for some unique

g€ qG.

Definition I1.10. A hyperbolic surface M is a (H?, PSL(2, R))—manifold. The (X, Q)

maps in this case are just local isometries.

From the development theorem, 7 (M) can be viewed as a discrete subgroup of
PSL(2,R) using holonomy and we also have a developing map Dev : M — H2. The
local H? structure gives the manifold M a Riemannian metric, and geodesics in M will
locally be mapped to geodesics in H2. A hyperbolic surface M is said to be complete

if every geodesic in M can be extended indefinitely.

Theorem I.11. A simply connected and complete hyperbolic surface M is isometric
to H2.



Proof from [CB&8§]. The proof involves constructing the map exp : H?* — M for a
fixed p € M and a chart (V,) around p follows: for any point z € H? let v be the
geodesic from 1 (p) to z, and pull back the geodesic arc v N (V) to a geodesic 4’ in
M. Define exp(z) to be the point on ' such that its distance from p is d(z, ¥ (p)).

The inverse of this map is the developing map extending . Since both of these maps
are local isometries, it follows that they are isometries in this case. For details see
[CBSS]. O

Since any closed surface X is complete it’s universal cover is complete thus, by the
above theorem, X is isometric to H2. Rephrasing, any closed hyperbolic surface X is
isometric to H?/T'x where I'y is some discrete subgroup of PSL(2,R). Motivated by

this discussion the concept of fundamental domains can be defined.

Definition I.12. Let ' be a discrete subgroup of PSL(2,R). A domain F C H? is

said to be a fundamental domain of T" if

1. Tt tiles H?, ie. |, .y F = H?,

yer

2. FoN~vF° = forallyel.

Although the fundamental domain is not unique often one uses a Dirichlet Domain
construction for the fundamental domain of the group, see [Kat92]. The Dirichlet do-
main of closed surfaces is a hyperbolic polygon with finitely many sides. The quotient
H?/T" can be thought of as gluing the sides of the Dirichlet domain of T' in pairs.
Moreover, these side pairings generate the group I' ([Kat92]).

For the sake of later discussions define an afline manifold as follows.

Definition I.13. An affine manifold M is a (R", Aff(R"))—manifold. The (X, G)—maps

in this case are called affine maps.

Here are two examples of affine manifolds which is all that is really needed for the

purposes of this thesis.

Example I.14. Consider the positive real line R™ with the usual manifold structure.
The map log : RT — R which maps y — log(y) is a homeomorphism with inverse
being z + e®. This map gives an affine manifold structure to R™ with local charts
given by restrictions of log. Using this structure it is easy to see that any affine map
f Rt = R" is of the form y — by®. With this structure R is affine isomorphic to
R*.



Example 1.15. Another example of an affine manifold is a circle S'. Circle has a
natural affine structure as it can be written as the quotient R/aZ. An affine isomor-
phism between two affine circles f : R/Z — R/aZ is such that the lift f: R — R is
equivariant affine map, i.e. it’s lift is of the form f(x) = ax + b for any b € R in this

example.

[.4. FoLIATIONS, GEODESIC LAMINATIONS, AND

TRANSVERSE MEASURES

The theory of foliations has many important applications in the study of Teichmuller
spaces, see [FLP21]. In this section some basic facts about measured foliations and

laminations are presented.

Definition I.16. A measured foliation . on a compact surface S with singularities
of order ky,--- ,k, € N at points zy,--- ,x, is given by an open cover {U;} of M —
{1, -+ ,z,} and a non-vanishing, smooth, closed, and real valued one-form w; on
each U; such that:

1. w; = xw; on U; NU;

2. At each x; there is a local chart (u,v) : V — R? such that z = u + iv with

w; = $(2%/2dz) on V N U;, for some branch of z¥i/2,
{(U;,w;)} is called the atlas of the foliation.

This definition has a nice geometrical picture. Suppose p € S — {zy,--- ,x,} lies
in U; and let v; : U — T(U) be a vector field which is in the kernel of w;. The
unoriented flow lines of v; and v; in U; N U; due to the compatibility condition of the
one forms, and thus they join up to give “lines” on the surface which are called the
leaves of the foliation .%. By definition, the leaves are disjoint and cover the entire
surface except for the singularities x; where k; + 2 leaves meet. The “measure” part
of measure foliation comes from the following: if « is an arc that is transverse to the
flow lines of v; then the integral of |w;| on the arc U; N av gives a measure p, to the
arc o which is well defined because of the compatibility condition 1. This measure is
called the transverse measure of the foliation. This measure has full support, meaning

that every point in S — {xy, -, z,} is in the support of p, for some a.

The following are some examples of measured foliations.

10



Example 1.17. Consider the foliation .# on R? with singularity at (0,0) and chart
(U =R —(0,0),w = ydx + xdy). A vector field in the kernel of this one form is
x0, — Y0y, and thus the flow lines corresponding to this are ®(¢, (z,y)) = (ze',ye ™).
In any neighborhood V' of the origin consider the natural chart inclusion chart. Then
in VNU we have w = (zdz), implying that the singularity is of order 2. Thus
geometrically the foliation .# looks as in [L.3]

Figure 1.4: The measured folia-

tion .# on S, constructed using a

) o quadratic differential with 2 zeros
Figure [.3: The measured foliation

) . of order 2.
% on R? constructed in example

17

Example 1.18. Let M be any compact Riemann surface and ¢ be a holomorphic
quadratic differential on M which has zeros zi,---,x, of order kq,---,k,. This
means that in local charts q takes the form f(z)dz? where f is holomorphic. Consider
M —{xy, -+ ,x,} and an cover {U;} where U; is simply connected. In each cover
define w; = ¥(,/q), where a choice of the branch is made in the charts. By definition,
w; are compatible. For any neighborhood V' of z; there are charts given by integrating
w; such that locally ¢ is 2¥1dz2. Thus both conditions are satisfied and {U;,w;} is a

measured foliation % on M.

This is an important example since it was shown in [HM79] that almost all mea-
sured foliations on Riemann surfaces are of the above type, i.e. they are determined

by the imaginary foliation of the quadratic differential.

Foliations are very closely related with the topology of the space. Using the

Poincare-Hopf formula, the following result for foliations can be proven (see [FLP21]).

11



Theorem 1.19 (Euler-Poincare Formula). If % is a measured foliation with singu-
larities x1,- -+ ,x, of order ky,--- ,k, on a compact surface S such that no singularity

lies on the boundary of S. Then

2x(S) = — z”: k; (I.16)

This significantly restricts the measured foliations a surface S can admit. For
instance, in S5 there can only be three types of measured foliations: with singularities
of order (1,1,1,1), (1,1,2), (2,2). Figure|l.4]is a foliation of the type (2,2).

Since small perturbations of the leaves of a foliation are not geometrically relevant
and so an equivalence relation is introduced as follows. On a surface S the foliations
91 ~ yg lf

e there is an isotopy of S which transforms .%#; to .%,

e 7, can be transformed into .%; by finitely many transformations of the following

Figure [.5: Whitehead moves.

type:

X

Transformations as in [ are called Whitehead moves. The collection of all measured
foliation on S upto this equivalence is denoted MF(S), the space of measured folia-

tions.

Working with measured foliations can get quite complicated as they are often
thought of as the equivalence classes in MF(S). In the case of hyperbolic surfaces,
there is a very simple and well understood geometric object called geodesic lamination

which encodes equivalent information about our surface S as a foliation.

Definition 1.20. A geodesic lamination A on a hyperbolic surface M is a collection

of pairwise disjoint complete simple geodesics {7,} such that the Uy, is a closed set
in M.

Examples of geodesic laminations are closure of any disjoint collection of geodesics

in the surface. This forms a lamination since under the Hausdorff metric geodesics

12



Figure 1.6: The first image is a measured geodesic lamination with the transverse
measure just being the counting measure. The second image shows a lamination
which is the closure of a geodesic spiralling onto two compact geodesics. Here the

compact geodesics are proper but not isolated.

converge to geodesics (see [CB8§|). The leaf v is said to be isolated if at each point
x € y there is a small neighborhood U such that (U,U N ) is homeomorphic to
(Disk, diameter). A leaf v is called proper if for every point z € 7 there is a neigh-
borhood U such that U N~ has only one connected component. It is easy to see that
every isolated leaf is a proper leaf. A minimal sub-lamination X' C X is a lamination
which does not contain any sub-lamination. A geodesic lamination \ is said to be

maximal if there is no other geodesic lamination on M containing \.

Remark. Geodesic laminations on hyperbolic surfaces are measure zero subsets of the
surface [CB8§|. This can be used to see that every maximal lamination cuts the
surface M into hyperbolic triangles: if not then one can always add another simple

geodesic on the component which is not a triangle.

Definition I.21. A transverse measure on a geodesic lamination \ is an assignment

4 which assigns to each transverse arc o a Radon measure p,, such that:

1. if B C « then pug = o |s.
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2. if « is homotopic to o relative to A then the measure of any measurable subset

of « is invariant under the homotopy.

We say that the transverse measure has full support when supp(i,) = A N« for all

transverse arcs «.

Remark. A leaf ~ is said to be in the support of the transverse measure if v C
U, supp(fta). In the case when the measure is of full support every leaf is in the

lamination.

A theorem of Thurston ([Thu22]) states that every geodesic lamination admits a
transverse measure (may not be of full measure). The idea behind the proof of this is
to approximate a transverse measure using counting measure. A geodesic lamination
with a transverse measure is called a measured geodesic lamination. The following

theorem by Levitt proves some important properties of leaves of a lamination.

Theorem 1.22 (Levitt [Lev83|). Let A be a geodesic lamination on a closed hyperbolic
surface M and p : M — M be the universal cover of M. Let v C X be a leaf of the

lamination. Then the following are equivalent:

1. v is isolated

2. Each geodesic in p~t() is an isolated point in G\ = p~*(\) C M.
3. The complement of v in X is compact.
If v is non-compact then 1,2,3 are also equivalent to
5. v 1s proper
6. v belongs to no minimal sublamination of \
7. No transverse measure of A contains vy in its support.

Moreover, there can only be finitely many isolated leaves in a lamination; the other

leaves are partitioned into finitely many minimal sublaminations.

If X is a measured geodesic lamination of full support then, as a consequence of
the above theorem, it cannot have any leaves which are spiraling onto compact leaves
as they are isolated and thus cannot be in the support. A non-compact leaf v which

does not spiral onto a compact leaf belongs to the minimal sublamination 7 (closure
of the leaf in M).

The space of all measured laminations with full support is denoted ML(M). Then

the following theorem is due to Thurston:
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Theorem 1.23. The space of measured foliations on M is homeomorphic to the space

of measured laminations on M.

Remark. The theorem above claims that MF (M) and ML(M) are homeomorphic
but I have not defined a topology on these spaces. This is because defining the
topology on these takes some work and it will not be relevant to the remainder of this

thesis. For a more rigorous treatment of this see [Thu22, [FLP21].

Remark. In [Thu22], a proof of the above theorem is given using train tracks. A more
general study of the relationship between geodesic laminations and foliations (both

measured and non-measured) can be found in [Lev83].

I.5. MAPS BETWEEN HYPERBOLIC SURFACES

This section is devoted to understanding and highlighting some important properties
of homotopy equivalence between hyperbolic surfaces. Throughout this section let
X, Y be compact hyperbolic surfaces which are homeomorphic to a topological surface
S,px : X - X & py : Y — Y be their universal covers, and f: X — Y bea
homotopy equivalence. Let f, : m(X) — m1(Y) be the induced isomorphism on the
fundamental group. Denote by I'x and I'y some holonomy representation of 7y (X)
and m(Y) in PSLy(R). Whenever X,Y are assumed to be closed their universal

covers are identified with H?2.

Proposition 1.24. Let f : X — Y be a homotopy equivalence. Then any lift f : X —
Y is a homotopy equivalence and is (my(X), 7 (Y))—equivariant: for each o € m(X)

we have f.(a)f = fa.

This follows directly from basic results in algebraic topology. When XY are
closed we want to understand when f can be extended to the boundary dH2. The

following theorem gives us an answer.

Theorem 1.25. Let f : X — Y be a homotopy equivalence between closed hyperbolic
surfaces. Then any lift f of f has a unique equivariant extension f on H2UOH? such
that the restriction of this map to the boundary Of : OH? — OH? is a homeomorphism

wvariant under homotopies of f.

Proof Idea. By Milnor-Schwarz lemma, the orbit maps of the fundamental group of

X,Y at 0 € H?, gx : I'x — H? and ¢y : I'y — H?, are quasi-isometries with respect
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to the word metric and f, is bi-Lipschitz. Due to equivariance of f the diagram

FX#)FY

HQfHQ

commutes. This implies that f is a quasi-isometry on H?, and thus it maps geodesics
to quasi-geodesics. For any point x € OH? let df(z) be the end-point of the quasi-
geodesic f(«) where a is the extension of the geodesic [0,z]. Since quasi-geodesics
are always a bounded distance away from geodesics (using stability of quasi-geodesic
theorem in [BHI3]), this endpoint always exists. The remaining properties can be

proven without much difficulty. O]

Remark. The proof of this theorem in [CB88] does not use Milnor-Schwarz lemma and
arrives at the same conclusion using elementary analysis and geometry. Although, us-
ing the same idea as in the proof presented above this theorem can also be generalized

to surfaces with boundary by replacing OH? with the Gromov boundary X and Y.
The following is a direct Corollary of for closed surfaces, but I have stated it

in a way so that it works for surfaces with boundaries as well.

Proposition 1.26. Let X be a compact hyperbolic surface (with or without boundary)
and I : X — X be some isometry which is isotopic to the identity. Then there is a
lift I+ X — X of I which is the identity map.

Proof. Let H : X x I — X be an isotopy such that Hy = I and H; = idy. Then there
is a unique lift of H to an isotopy H : X x I — X such that H;, = idg. Let I = H,.
Using the fact that p : X — X is a local isometry and the fact that X is compact,
one can conclude that I is an isometry which is isotopic to id %, and moreover it is
a bounded distance away from idg. Let Dev : X — H?2 be some developing map.
Then the map Dev o [ is also a developing map. It follows from the discussion in
that there is some g € PSL(2,R) such that Devo I = gDev. Since I is a bounded
distance away from id it follows that g is a bounded distance away from idg2. Thus
it follows that ¢ and idg agree on OH?Z, but since any Mobius map is determined by
what it does to exactly three points one concludes that g = idgz. Hence I is just the
identity. O]

Corollary. If I,1s : X — Y are isometries of compact hyperbolic surfaces (with
or without boundary) such that I is isotopic to I then for any lift I of I to the

universal cover there is a lift I, of I such that the two lifts are equal.
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Theorem 1.27. Let f: X — Y be a homotopy equivalence. Then there is a bijective

correspondence between geodesic laminations on X and Y .

Sketch of Proof. Suppose that A is a geodesic lamination on X which lifts to a lami-
nation A of H2. Each leaf of A meets H? at two points, say (a,b). Using the boundary
map Jf from , we get two points (f(a), f(b)) on OH?, which determines a unique
geodesic in H2. This gives us a collection of disjoint geodesics X on §H2. This indeed

forms a geodesic lamination, which is then pushed down to a geodesic lamination
N =py(N)onY. O

Remark. In fact, the space of geodesic laminations on X and Y can be proven to be
homeomorphic under the topology induced by the Hausdorff metric. The proof of
that can be found in [CBS&§].

Definition 1.28. A map f : X — Y is said to be Lipschitz continuous if there is a K
such that dy (f(z), f(2')) < Kdx(z,2') for all z,2" € X. A Lipschitz map f is said

to be K—Lipschitz if
dy (f(x), f(z'))

£z’ eX dX (ZE, l‘l>

K is called the Lipschitz constant of f and is sometimes denoted Lip(f). f is called

K =

bi-Lipschitz if it has an inverse which is also Lipschitz.

Proposition 1.29. Fvery diffeomorphism f : X — Y 1is a Lipschitz map with Lips-

chitz constant K = sup,cx ||dfzlop-

Proof. Let v be any piece-wise smooth curve on X connecting the points z and .
Since df : T'X — TY is smooth, it follows by compactness of X that z + ||dfs/lop
has an upper bound, say K. Then,

Length of f(v) = i £ () (@) lydt

= K - (Length of )

Taking the infimum over all curves v, we get that f is Lipschitz. Following the same

argument for f~! it can be shown that f is bi-Lipschitz. O]

Remark. Since every homeomorphism of surfaces is isotopic to a diffeomorphism of

those surfaces, it follows that every homeomorphism is isotopic to a bi-Lipschitz map.
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Theorem 1.30 (Theorem 8.9 in [FM11)). If S is closed surface with genus g > 2 then

every homotopy equivalence f : S — S is homotopic to a homeomorphism of S.

Remark. This theorem also applies to compact surfaces with boundaries whenever the

homotopy equivalence restricts to a homeomorphism 0S5 — 95S.
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Chapter 11

Teichmiiller Space and Thurston’s

Metric

In this chapter S represents a closed surface of genus g > 2, X,Y will be closed
hyperbolic surfaces of genus g, and 'y, I'y will be faithful representations of their
fundamental groups in PSL(2,R). The goal of this chapter is first to construct the
Teichmiiller spaces and give some examples and results in the subject. Secondly, it
is to understand the Thurston metric on Teichmiiller spaces. The proofs presented
here of the properties of Thurston metric are all motivated by the ideas of Thurston
in [Thu98]|, but the proofs are presented in detail to fill the gaps in his proofs. This is

done since there is a scarcity of sources which present these proofs with all the details.

I[I.1. TEICHMULLER SPACE OF HYPERBOLIC SURFACES

The question which motivates the construction of Teichmiiller space is: what are
all the hyperbolic structures which a surface S can admit? S admits a hyperbolic
structure if there is a Riemannian metric on S which locally looks like the metric
on H?. Another way to look at this that S admits a hyperbolic structure if there is
a hyperbolic surface X and a diffeomorphism f : S — X. This is equivalent since
the diffeomorphism pulls back the metric on X on S. A pair (X, f) where X is a
hyperbolic surface and f : S — X is a homeomorphism is called a marking of S. Two
markings (X, f) and (Y, g) are said to be equivalent if there is an isometry [ : X — Y
such that If ~, g.

Remark. From hereonif f: S — X and g : S — Y are markingson Sand ¢ : X — Y
is some map such that ¢f ~;, ¢ then I will say that “p is compatible with the
marking”. Note that for any two other markings (X', f') € X & (Y'¢') € 9 it
follows that ¢ induces a homeomorphism ¢’ : X’ — Y’ which is compatible with
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these new markings as well.

Definition II.1. The Teichmiiller space of S is defined as the space of a hyperbolic

markings on S up to the above equivalence.
Teich(S) = {(X, f: S — X) | f is orientation preserving} / ~ (IL.1)
We denote the elements of Teich(S) by X.

This definition can be extended to surfaces with boundaries with the additional
requirement that 0X is geodesic. From here on whenever X is a hyperbolic surface

with boundary it is assumed that the boundary is geodesic.

Remark. Using theorem the definition of a marking can be weakened to be a
homotopy equivalence f : S — X without any affect to Teich(S). For surfaces with
boundary we need to be a bit more careful. The equivalence relation in the case
of surfaces with boundary would then be that If ~ ¢ such that the homotopy is a
through maps which take boundary to boundary and are homeomorphisms on the
boundary. Because of this we will sometimes interchange between a marking being a

homeomorphism and a homotopy equivalence[T]

There is another interesting perspective to view Teich(S), and this is using the
holonomy maps and the Development theorem. Suppose that X € Teich(S) and let
(X, f) be some representative of X. Then f. : m(S) — m(X) is an isomorphism,
and using the developing theorem we have a discrete and faithful representation hol :
m(X) — PSL(2,R). This gives a representation of p : m(S) — PSL(2,R). If
(X', f') is some other representative of X then the holonomy representations differ
by conjugation by an element of Isom(H?) = PGL(2,R). This leads to the following

claim:

Proposition I1.2 (see [EM11]). Teich(S) is in bijection with the set of all discrete
and faithful representations of m(S) in PSL(2,R) upto conjugation by PGL(2,R),
denoted by DF(m(S), PSL(2,R))/PGL(2,R).

This perspective is interesting as it allows us to directly define a topology on
Teich(S). Give m(S) the discrete topology and DF(m(S), PSL(2,R)) the compact
open topology. Then DF (7 (S5), PSL(2,R))/PGL(2,R) can be equipped with the quo-
tient topology which is then pulled back to Teich(S5).

LA homotopy equivalence is said to be orientation preserving if the induced isomorphism on the

second homology group, which can be identified with Z, maps 1 — 1.
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Since every nontrivial closed curve v on a hyperbolic surface X is freely homotopic
to a unique closed geodesic (see [CB8§|), one can define the length function ¢x from
the set, S, of all non-trivial closed curves on S to R, which maps a closed curve to
the length of the unique geodesic in X which is freely isotopic to the curve. This is

independent of the choice of representative of X. This also gives a continuous map
( : Teich(S) — RS which takes X to lx.

Example II.3. Consider the pair of pants, i.e. sphere with three punctures Sy ;.
A hyperbolic pair of pants (with geodesic boundary) can always be cut into two
hyperbolic right-angled hexagons, by cutting along the geodesics orthogonal to each
pair of boundary curves. By it follows that exactly three side lengths determine
the entire hexagon. Hence the Teichmiiller space of Sy 3 is in bijective correspondence
with R?. This map is a homeomorphism since two hexagons with close side lengths

are “almost” isometric.

Using the fact that every closed hyperbolic surface X of genus ¢ can be cut along
3g — 3 closed geodesics to give a pairs of pants decomposition of X, and that each
of these pants need 3 positive real numbers to determine them exactly, Fenchel and

Nielsen arrived at the following theorem.

Theorem II.4 (Fenchel-Nielsen Theorem [FMII1]). For any genus g closed surface
S, Teich(S) = R=3(S),

Remark. The extra 3g — 3 parameters come from the fact that when gluing back
the pair of pants to recover the genus ¢ surface, the gluing can be done at any
angle. Thus for each gluing we have a “twist” parameter. Since there are 3g —
3 curves 7; in the pants decomposition, the hyperbolic structure is determined by

((61, T1>, ety (€3g—37 7'39_3)7 where (62, Ti) is the length and twist of Yi-

I1.2. THURSTON’S METRIC ON TEICHMULLER SPACE

In his paper [Thu98|, Thurston asks the following question: given a surface S with
two hyperbolic structures f : S — X and ¢ : S — Y, is there a homeomorphism
¢ : X — Y compatible with the markings which realizes the least possible value of

the Lipschitz constant? In other words if

L= inf Li 1.2

i Lip(¥) (I1.2)
Yf~g

then does there exist a L—Lipschitz homeomorphism ¢. It turns out that the answer

to this question is positive. The definition of the Thurston metric was motivated by

this question.
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Definition IL.5. Let L : Teich(S) x Teich(S) — R, be defined as

L(%,D) = inf log(Lip(v) (IL3)
Yfr~g

This is called Thurston’s asymmetric metric.
Thurston had also defined another metric on Teich(S) as follows:

Definition I1.6. Define K : Teich(S) x Teich(S) — R, as

K(%,9) = suplog (%(C)> (IT.4)

ceS g%(c)

This section is mostly devoted to showing that L and K indeed satisfy all the
conditions for a metric except symmetry. The symmetry is not really an issue as
it can forced by defining a new metric as L(X,2)) + L(2),X). In [Thu9g| it is also
shown that K = L, but that will not be required in this thesis. It is easy to see that
K(%,9) < L(%,9), as a Lipschitz maps stretches any curve by at most it’s Lipschitz

constant. The other inequality is much harder to prove.

Firstly, it is quite straight forward to check that L, K are not dependent on the

choice of representative of X and 9).

Proposition I1.7. Both L, K satisfy the triangle inequality: for any X,%),3 € Teich(S5),

L(X,3) < L(X,9) + L(D, 3) (IL.5)
K(X,3) < K(X,9)+ K(D,3) (IL.6)

Proof. Choose representatives (X, f), (Y, g), and (Z, h) respectively. Let ¢ : X — Y
and ¢ : Y — Z be Lipschitz maps with Lipschitz constants K, K5 respectively. Then
dz(Yp(z), ve(a')) < Kidy(e(z), ¢(2')) < K1Kydx(z,2'). Thus Lip(vy) < Ki1K; =
Lip(¢)Lip(¢). Since the Lipschitz maps X — Z which factor through Y forms a
strict subset of all Lipschitz maps from X — Z, the triangle inequality for L follows.

Triangle inequality for K just follows just from re-writing:

lz(c)  Lz(c) Ly(c)

(x(c)  ty(c) lx(c)
]

Theorem I1.8. L(X,9) > 0 for all X, € Teich(S). The equality is satisfied if and
only X =9).
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Proof. Suppose that K = e“&¥) < 1, and let ¢, be a sequence of Lipschitz home-
omorphisms with Lip(y,) — K. Since the set of Lipschitz maps with Lipschitz
constant bounded by 1 forms an equicontinous family; by Arzela-Ascoli theorem it
follows that there is some Lipschitz map ¢ : X — Y which achieves this constant K
(note: ¢ may not be a homeomorphism, but since X is compact it follows that ¢ is
surjective). From here the proof goes as follows: first it is shown that ¢ maps disks
in X onto disks in Y of the same radius. Using this this it is then shown that ¢ is an
isometry, i.e. K = 1.

Denote by px and puy the area measures of X and Y. Using the explicit area
formula for hyperbolic disks in H? (in [Kat92]) it is easy to show that the area of a
small enough disk on any hyperbolic surface is dependent only on it’s radius r and
since ¢ contracts distance by K it follows that ¢ is area non-increasing on closed
disks. The outer regularity of the area measure and Lipschitz property of ¢ also
implies that ¢ maps negligible sets to negligible sets. Suppose that B = {B,} is a
countable family of disjoint closed disks in X such that the union of all these disks
has complete measure in X. Using the fact that ¢ is surjective and maps X —|J B to

a measure zero set,

uy (Y = o((B) = ny ((X) = (| B)) < my(p(X = B)) = 0.

Thus ¢(|JB) is a set of full measure. If the disk B, € B is of radius r,, > 0 then
©(B,,) is contained in a disk B!, of radius r, since ¢ has a Lipschitz constant K < 1.

The family B' = {B],} is also full measure in Y. Hence,
> oy (B = ¢(By) = uy ({B) — v (e B) = my (V) = py(Y) =0

This means that ¢(B,,) is dense in B!, but since it is also compact it follows that B,

surjectively maps onto BY,.

We have just proved that given any family of closed disjoint disks of X each disk
in the family surjectively maps onto a disk of the same radius. This means that every
disk in X maps to a disk of the same radius. Suppose = € X and let B(x,r) be a
disk of radius r centered at x which is surjectively mapped to B'(y,r) in Y. If p(z)
is a distance € away from the center of B’(y,r) then the disk B(x,r — ¢/2) does not
lie inside B'(y, ), a contradiction! Thus ¢ also maps center to the center of the disk.
Moreover, if 2/ € B(z,r) lies on the boundary then ¢(z’) also lies on the boundary as
concentric disks centered at x map to concentric disks centered at y. For any points

x,z" there the disk about z of radius dy(z,z’) gets mapped to a disk of the same
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95(8)

o)
Figure I1.1: These represent the triangles A and A’. The idea in the proof was to use
the fact that Gromov product (z|y), approximates the length of the perpendicular

from z to (x,y).
radius and thus dy (p(x), p(2')) = dx(z,2’). Hence ¢ is an isometry.

Since the homeomorphisms ¢,, converge to ¢ it follows that ¢, ~ ¢ and thus ¢ is
compatible with the marking on X and Y. The second part of the theorem is trivial

Nnow. O

Remark. Tt is not obvious above why a countable family of closed disjoint disk exists in
the first place. The answer is given by Vitali’s covering lemma and covering theorem.
Note that in the construction of the countable disjoint family of closed disks in the
proof of Vitali’s theorem (see [Eval8]) there is an initial choice of a ball. This has been
used in the above proof as well to claim that every disk surjectively maps to a disk
of the same radius, as for any given disk one can construct such a family containing
this disk.

Theorem I1.9. K(X,2) > 0 for all X,9) € Teich(S). The equality is satisfied if and
only X =192).

To prove this we first prove the following lemma:

Lemma I1.10. Suppose that X and Q) are distinct elements of Teich(S). If p: X =Y
1s a homeomorphism compatible with the markings which lifts to a homeomorphism
¢ : H? — H2. Then the function

1s unbounded above.

Proof. Suppose that D is the upper of D(z). From the proof of theorem the

lift ¢ is a quasi-isometric map and thus is maps geodesics to quasi-geodesics and
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therefore the geodesic (¢(z), (w)) is a bounded distance away from the image of the
geodesic (z,w) under ¢, where z,w € H? U OH?. Consider the triangles A = (0,&,¢)
and A’ = (¢(0),05(£),05(¢")) where €,& € OH?, see figure [[L1 Thus we have the
following inequality involving the Gromov product and the hyperbolicity constant, §,
of H?,

(0B(E)0P(E) 50y < d($(0), (05(E),09(€"))) + 0
<d0,(&8)+D+46
< (&l€)o+ D+ 20

where the first and last inequality follows from the inequality |(z,v). — d(z, (z,y))| <
(see [BH13]), and the second inequality follows from the definition of D(z). Since
e~ €)= is a metric on the boundary for a fixed z the above inequality tells us that
0@~ is a Lipschitz map on the boundary with respect to the Gromov product induced
metrics with fixed point ¢(0) and 0 respectively on the domain and range (note that

these are Lipschitz equivalent metrics, so the fixed point does not really matter).

In this paragraph, we identify H? with the upper half plane and OH? with the
extended real line. Since ¢! is K —Lipschitz for some K > 1 it is almost everywhere
differentiable on OH?, so without loss of generality assume that 0 is such a point and
that d¢~1(0) is bounded. If F is a fundamental domain of I'y containing 4, then the
geodesic [i,0) passes through infinitely many translates of the fundamental domain
{1 F}e, where v, € I'y. Let v,(i) € 7, F be translates of ¢ and iy, be orthogonal
projection of v, (i) onto the imaginary line. It follows that both ~, () and y,, converge
to 0 in H? U OH? as they lie in the same translate of F. The maps ¢,(z) = ynz and
kn(2) = v, gn(2) are isometries of H? and h,, = g, ' (0%') g, is a homeomorphism of
OH?. We claim the following:

1. The sequence (hy) converges point-wise to the map & — a& on the boundary
where a is the derivative of 0¢~! at 0: composing by an isometry of H?, it can
be assumed without loss of generality that dg~'(0) = 0 and 9y~ !(c0) = oo.
Since 0! is differentiable at 0 it follows that

hn(€) = a& + 7 (yné)§
where 7(§) — 0 as £ — 0 and thus as n — oo we have h,(§) — a&.

2. The sequence k, has a convergent subsequence which converges to some k €
PSL(2,R): Using the fact that k,(i) — i as n — oo it is clear that k, lies in
some compact set of PSL(2,R), and thus there is a subsequence of k, which
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converges to k in the PSL(2,IR) topology. This means that k,, — k pointwise

as well.

Now let G' = Homeo™ (0H?)/PSL(2,R) where the quotient is by right action. Then

using equivariance and the two claims above the identity in G can be written as:

[idf] = [{z — az}] = [hm hn]
n—0o0
= |Jim 90"057'n] = |Jim 070,
_ [lim agafl%kn} - [lim agaflkn}
n—0o0 n—00

- [0z

This shows that 0¢ agrees with an isometry g on the boundary. Using Alexander’s
trick it follows that ¢ is isotopic to the isometry. Since ¢ is equivariant it follows
that ¢ is equivariant when restricted to the boundary and thus everywhere. The
equivariance implies that g induces an isometry from X — Y which is isotopic to .
This contradicts the fact that X and 9) are distinct elements of Teich(S). [

Proof of theorem[II.9. Assuming X and ) be distinct elements of Teich(S) we will
first show that K(X,9)) > 0. The idea is to construct a closed curve ¢ whose length
in Y is larger than in X using the fact that the function D(z) is unbounded. For
this we construct a ¢ so that it is a geodesic in Y and estimate a lower bound on it’s

length in Y. Then pull back ¢ to X and estimate an upper bound on it’s length in X.

Start with points 0 and z in H?, and let ¢ : X — Y be the homeomorphism
gf~'. Let yo,y1 be the projections of wy = ¢(0),w; = ¢(z) under py. Let v € T'y
be such that ywy is the translate of wy closest to w;. The piecewise geodesic ¢y
from wy to wy; and then w; to ywy projects down in Y to a closed curve ¢y in Y
based at yo and passes through y;. Let (yo,¢(0)) be an element of T'Y and N, be
an e neighborhood of (yo,é(0)). Since geodesic flow ®, on T'Y is area preserving,
by Poincare Recurrence theorem the set of recurrence points are dense in N, which
means that there is a (yo,v5) € T'Y such that after a finite time 7' > 0 the geodesic
orbit of the flow returns back to N, i.e. ®r(y2,v2) € N.. The orbit ®;(ys, v2) where
0 <t < T can be approximated by closed geodesic orbit based at some (y3,v3) € N,
using Anosov’s closing lemma (see [AK95]). Let the projection of this geodesic in Y be
the closed geodesic ¢ based at y3. Note that the length of ¢ is larger than the length of
the geodesic interval [yo, y1] C ¢o as (Yo, ¢0(0)) and (ys, v3) are in an e—neighborhood

and thus they fellow travel till y;. Consider the lift ¢ of ¢ in H? based at the point w,
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where w, is chosen to be in the same translate of the fundamental domain as wy.
by (c) = d(wo, wr) = d(¢(0), $(z)) = d(0,z) + D(z)

The lift of the pullback ¢~'(c) based at z; = ¢ '(ws) has an endpoint at 7'z, =

0 (7)@ H(ws) because of equivariance, where 7/ € I'x.

x(c) < d(z1,7'%1)
< d(z1,0) +d(0, 2) + d(z,7"21)
< Ad(B(21), $(0)) + A’ + d(0, 2) + Ad(@(2), B(7'21)) + Ae’
= Ad(waq, wp) + 2Xe" + d(0, 2) + Ad(wy, yws)
< Xe+2Xe +d(0, z) + AT

where (), €') are the quasi-isometric constants of ¢. This means that the ratio:

ly(c) S d(0,z) + D(z)
Ux(c) = d(0,2) + AT+ Xe + 2)¢

Since Y is compact the time of return 7" has an upper bound, on the other hand due
to lemma [I1.10[ one can always choose a z so that D(z) is arbitrarily large. Thus
K(%,9) > 0.

Using the fact that K(%,92) < L(X,9) it follows that K is 0 if and only if
=9 0

This completes the proof of that L and K are metrics on Teich(S). Some more

properties of K will be proved later on in this chapter.

I1.3. THURSTON STRETCH MAPS

In this section the Thurston’s Stretch maps are constructed and it is shown that they

are geodesics in the Lipschitz metric L.

Let A be an ideal hyperbolic triangle. Let .# be the (partial) foliation on A where
each leaf is a horocycle from one of the vertices of A and let ¢ be the (partial) foliation
on A where each leaf is a geodesic emerging from one of the vertices of the triangle.
Let C be the unfoliated region of A. See figure Consider the map ¢; : A — A
which maps a point z € A — (' which is a distance r away from the central region to

the point ¢;(z) along ¢ which is a distance e'r away from C, and ¢, is constant on

C.
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9.

Proposition II.11. The map p; is an e'— Lipschitz homeomorphism on A and on

the boundaries of A are p; achieves the Lipschitz constant e'.

Proof. Let K = €' and assume that the vertices of the triangle lie at 0,1, and oo.
Since all components of A — C' are isometric to each other, consider any component P
of A —C and using the isometries of H? assume that the vertex of A in P is at co (in
the plane model). Explicitly the map ¢; on P can be written as gpt}P(x—I—z'y) = x+iy~.
Since,

| (dee). I _ &+ E°¢ _ o
=il

it follows that || (dgy), ||2, < K, which means that ¢, is K-Lipschitz on P as the edges

are exactly stretched by K. Since the norm is an isometry invariant it follows that
| (dey), |12, < K forall z€ A—C. O

Definition I1.12. Let A; and A, be two ideal hyperbolic triangles in H? which share
a common geodesic . Orient v so that A; is to the left of As. Let z; and z; be
the points on v where the central regions of A; and Ay meet . The shear of A;
with respect to Ay along v, denoted shear(Aq, Ay), is defined as the signed distance

between z; and 29 along the orientation of ~.

Proposition I1.13. Let X be a compact hyperbolic surface with geodesic boundary
and let ¢ be a boundary component. If X is a mazimal lamination on X and {v;}'_; € A
are leaves spiraling onto ¢ then the length of ¢ is determined by a linear combination

of the n shear parameters corresponding to the leaves ;.

Proof. The triangles Aq,--- A, in X are such that A; and A; + 1 share the geodesic

vi+1 where the index is modulo n. In the lift, we get a sequence of triangles (which are
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translates of A;) converging onto the lift of the geodesic ¢. Consider the case when
shear(A;, A;11) > 0 for all ¢ modulo n. The picture in figure shows the lift of the
triangles with edges +; to the universal cover embedded into H? using some developing
map. The length of ¢ is the same as the distance between the extreme horocycles of
consecutive translates of any A; (as shown in figure . It follows that length of ¢
will be % | shear(A;, A;q) where A4 is a translate of A;. All other cases can be

argued similarly. O

Given a closed hyperbolic surface X and a maximal lamination A on X with
finitely many leaves, the completion of X — A consists of finitely many ideal hyperbolic
triangles Ay, .-+, A,. The edges of these triangles correspond to the leaves of A. Let
shear(A;, A;) be the shear of A; with respect to A; whenever both A; and A; have an
edge which corresponds to the same leaf of A in X. Using the above proposition each of
these triangles can be stretched by an e Lipschitz map for a fixed ¢ > 0. Gluing back
the stretched triangles in right order with shear coordinates e'shear(A;, A;), whenever
A; and A; are glued, gives a hyperbolic surface X; and an e’—Lipschitz map from
o X — Xp. If f: S — X was a marking in Teich(.S) then the above construction
gives a new point in ¢;f : S — X, in Teich(S). This gives a ray in Teich(S) based at
X which we will represent by X}. Since ¢; : X — X, is e'—Lipschitz it follows that
L(X,X}) < t. From theorem it follows that any leaf of A which corresponds to
the edge of some A; spirals onto a closed geodesic ¢ in X. The ratio lxx(c)/lx(c) is
exactly e’ as by the above proposition fx(c) is determined by a linear combination
of all the shear parameters corresponding to leaves of A which spiral onto ¢ and by
construction these shear parameters are scaled by e’. This means that ¢t < K (X, X}) <
L(X%,%}) <t. This means that the curve X} is a geodesic in Thurston’s metric. This
ray is called the Thurston Stretch ray and the map ¢, : X — X, is called a stretch
map. This construction has more subtleties when the lamination is allowed to have
infinitely many leaves. For the general construction see [Thu98]. We summarize the

general case of the discussion above in the following theorem:

Theorem I1.14 (Stretch Rays are Geodesics). Let X € Teich(S) and A be a mazimal
geodesic lamination on X. Then the stretch ray X based at X is a geodesic in both

the metrics L and K.

For a better understanding of stretch maps it is good to look at them explicitly

for some hyperbolic surface.

Example I1.15 (Stretch Maps on Pants). Let X be a hyperbolic pair of pants with

geodesic boundary of lengths /1, /5, /3. By a simple area argument, any maximal
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lamination A\ on X cuts it into 2 triangles A, Ay. The goal of this example is to
observe how does a horocycle h on X change under the stretch map. This is what
I mean: in the universal cover the triangles A; and A, lift to triangles and let h be
a segment of a horocycle, as in figure [[1.4] starting from an edge of A; and ending
at the lift of the boundary component of length ¢;. In this particular case, his a
horizontal segment ¥(2) = 1 and without loss of generality assume that it starts from
z =1, see figure [[I.4 Let h be the corresponding curve in X. We want to understand
two things: (a) how does the length of h change under ¢, and (b) how does the image
of h “wrap around” the boundary in X? Denote the shear of the two triangles with
respect to each edge as «, [3,v. First we calculate the real part of vertices of the
triangles with vertical edges. Let uy = 0 and vg = —1 and u,, v,, be alternating labels

for the vertices, then

Up = —Vp_q —e =08y >
Vp = —Uy —e " >0
The sequence (ug, vo, u1, v1, - - - ) converges to the endpoint xq of the lift of the bound-

ary of length ¢; which corresponds to the series:

o= — Z e—nanB _ Z pna—(n=1)8 _ _ 11 i‘::z

n>0 n>1
where ¢; = o + (8 is used. The length of h is
l+e™

==
Since this is a decreasing function and the half leaf of the horocycle h is again mapped
to a half leaf of a horocycle, it follows that under the stretch map the length of h
decreases as both ¢; and « are stretched by e'. This answers the first question.

To understand the second question we need to figure out a way to quantify what
it means to “wrap around” a boundary component on Pants. Let C' be the unique
perpendicular between the boundary of length ¢; and any one of the other boundaries.
The preimage p}l(C’ ) is a collection of circular arcs which are perpendicular to the line
R(z) = 2. Each component of p3'(C) intersects h atmost once and moreover only
finitely many components intersect h. I will say that h wraps around the boundary
n—times if it intersects py'(C') at n—points. Let Cy be the particular lift of C' such
that any other lift with a smaller radius does not intersect h. Such a Cy can be chosen

as only finitely many of the lifts intersect k. Explicitly the components of px (C) can
be indexed by n € Z so that the equation of C,, is

($ o $0)2 +y2 — R262nfl
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Figure I1.4: Triangulation of pants.

where R is the radius of C~’0. By construction C~'n intersects h only for n > 0. If C~’n

intersects h then it follows that
(37 . xO)Z _ R2€2n61 -1

The first lift Cy with N > 0 which does not intersect h is such that the intersection
point of Cy with $(z) = 1 has strictly positive real part. Thus,

1 2+1
22 < R?e*N0 1 — N > YA log (%R—Z ) (IL.7)

This means that C, intersects h if and only if

1 x2+1
0—”—{261 B\ g2

Note that the right hand side is a decreasing function of the shear parameters o and
[, implying that the number of intersection points of p;(l(C) and h decreases as the
shear increases. Thus the stretch map ¢; “unwraps” h around the boundary of length
lq.

Remark. Another interesting thing to take note of is that the stretch map is affine
on the boundary of any hyperbolic surface X. This follows from the fact that in the
vertical lift of the boundary the stretch map restricts to the map zg + iy — x{ + iy
where K = €' (see figure . This corresponds to the affine map x — Kx on the

affine universal cover of the boundary component in X.
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Figure I1.5: This picture summarizes the entire discussion above. The stretch maps

expands the boundary by €', decreases the length of A while unwrapping it around

the boundary.

Az

Ay

o + iy

!

B

e

Pt

zo v -1

Figure I1.6: The stretch map restricts to an affine map on the boundary.
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Chapter 111

Orthogeodesic Foliation, Arc
Complex, and Dilation Rays

In this chapter I will give the construction of Dilation Rays in the Teichmiiller space
of a closed surface S given a geodesic lamination A, as done in [CF21]. Our main
focus will be on the special case when A only contains simple closed geodesics which,
by theorem [[.27], can only have finitely many such leaves. Such geodesic laminations
are called multicurves. In the case when \ is a pants decomposition of S it is shown

that the corresponding dilation rays are Thurston geodesics.

Given a closed surface S of genus g > 2 let f : S — X be a hyperbolic marking.
Let A be a geodesic lamination on X consisting of only simple closed geodesics and
Y be the completion of a component of X — . For arbitrary geodesic laminations Y
will be a crowned surface, but in our specific case Y is just a surface with boundary.
Let ¥ be the underlying topological surface corresponding to Y. The construction of
the following objects for arbitrary laminations is almost exactly the same as what is

presented here and can also be found in [CF21].

III.1. ORTHOGEODESIC FOLIATION

Definition III.1. The valency of a point y € Y is the cardinality of the set {p €
Y | d(y,p) = d(y,0Y)}. The spine of a hyperbolic surface is defined as Sp(Y') =
{y € Y | valency of y > 2}. Further let Sp,(Y") be the set of all points in Sp(Y’) with

valency exactly k.

The spine can be thought of as a graph with vertices being points y € Sp(Y)
with valency strictly greater than 2 and geodesic edges e being the arcs connecting

vertices where each point is of valency exactly 2. The generic vertex of the spine is of
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valency 3 as given three geodesics in H? such that the half planes bounded by them
are disjoint then there is always a point equidistant from all three geodesics. Points

of valency larger than 3 occur when there is more symmetry in the surface.

Example II1.2. For example, consider the pair of pants of boundary lengths (¢1, {2, (3).

There are three cases of the pants:

1. The lengths satisfy the strict triangle inequality: ¢; + ¢; < ¢, where (ijk) is a
permutation of (123).

2. One of the lengths is strictly larger than sum of the other two: ¢ > ¢5 + /3.

3. One of the lengths is the sum of the other two: /1 = {5 + /3.

In the first two cases the spine consists of only two vertices of valency 3 and edges,

while in the last case there is single vertex of valency 4. These are explicitly shown

in figure [[TL.1]

Figure II1.1: This shows the spine on pants in the three cases discussed above.

Proposition I11.3. The surface Y is homotopically equivalent to Sp(Y').

Proof. Consider the map r : Y — Sp(Y) which maps y € Y — Sp(Y’) to the point of
intersection r(y) € Sp(Y') of the extension of the perpendicular geodesic oy, from y to
JY realizing the distance d(y, dY") and the spine; and r is identity on the spine. The
fibers of r are geodesics perpendicular to dY at both ends. For any y,y’ € Y —Sp(Y)
the geodesics o, and «,y are either disjoint or one is contained in the other. This map
is continuous as any open interval I of an edge of the spine the set r~'(I) is an open

strip on the surface.

For any y € Y let 7, (¢) be a unit speed parametrization of a sub-arc of r~*(r(y))
such that v,(1) = r(y) and ~,(0) = y. Define the homotopy H(y,t) = 7,(t). Then
H(y,t) = ,(t) is a homotopy with H(y,1) = r(y), H(y,0) =y, and H}Sp(Y) (y,t) =y.
Thus H is a deformation retract from the identity map to i o r, where i : Sp(Y) = Y

is the natural inclusion. Thus Y is homotopically equivalent to it’s spine. O

34



oy

fibres of r

Figure I11.2: Orthogeodesic foliation near an edge of the spine.

Given any two points y,3’ € Spy(Y) which lie on the same edge e of the spine
the arcs r~!(y) and 7~!(y’) are homotopic to each other relative to the boundary Y.
A dual arc a, is the homotopy class relative to Y of fibers of r corresponding to e.
There is a special representative of the class o, which is the fiber perpendicular to e
as well as the boundary. This representative will also be denoted by a,.. Denote by

o= UeCSp(Y) ., this is called the dual arc system.

If 7 is an arc in Y transverse to the fibers of r such that r(7) C e for some edge e
of Sp(Y') then define a measure u, on 7 by defining the measure of any sub-arc ¢ to
be length of the curve on 0Y obtained by continuously deforming ¢ to the boundary
keeping each point of ¢ on the same fiber of . For an arbitrary transverse arc 7, it
can be decomposed into finitely many components 7; such that r(7;) C e; for some
edge e; and define p1, = ). pir,. See figure for a cartoon of this construction.

Proposition I11.4. p defines a transverse measure on the fibers of r.

Proof. The measure is well defined as no matter what homotopy is used the measure
is going to be the length of the arc between the end-points of the corresponding fibers
at the boundary. It is clear that given arcs 7/ C 7 it follows that ,uT}T, = i as the

length at boundary is going to be the same for both.

Given two arcs 7 and 7" which are homotopic relative to the fibers of r (i.e. each

point remains on the same fiber of r) the measures of y, and p. are the same as

35



being “homotopic relative to fibers of r” is an equivalence relation. O]

Definition ITI.5 (Orthogeodesic Foliation on Y). The measured foliation O(Y,9Y)
on Y where the leaves are fibers of r and the transverse measure is defined as above

by p. This foliation has singularities of order k — 2 at the vertices of Sp(Y") of valency
k.

Remark. The measured foliation defined above is not a smooth foliation as at the
spine the leaves are not smooth. But we only care about measured foliations upto

homotopy and there is a smooth measured foliation in the same homotopy class of
O(Y,0Y).

Definition III.6 (Orthogeodesic foliation on X). Given a closed surface X with a
multicurve A, the foliation O,(X) obtained by constructing the orthogeodesic folia-
tions O(Y,0Y") for each component Y in X — A and then gluing them back together

without any twisting.

Calderon and Farre also show that O, : Teich(S) — MF(S) is a homeomorphism
onto it’s image (see [CEF21]).

3 P

Figure I11.3: This figure shows the dual arc system for the three cases of hyperbolic

pants discussed earlier.

I11.2. ARc COMPLEX AND FILLING ARCS

Let S, X, Y, ¥ be as in the previous section. An arc a in ¥ with end points in 0%

is said to essential if it cannot be homotopically deformed to the boundary.

Definition IIL.7. An arc system a = |J, a; on ¥ is a union of homotopy classes of
simple essential arcs such that there is a choice of representative arcs a; for the classes
@; in the arc system such that a; N a; = (. Often we abuse notation and denote just

the arcs a by «a as well.
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Definition III.8. A weighted arc system A on ¥ is formally denoted by ). ¢;a; where

{a;} forms an arc system and ¢; € R*.

The dual arc system a(Y) is an example of an arc system. An example for a
weighted arc system is A(Y) = > g,y He(€)ae. Note that if Y and Y represent
the same point in Teich(X) then the isometry preserves the weighted dual arc system.
This means that A(0) can be defined as a function on Teich(S). Now we describe
the co-domain and range of this function. An arc system a on Y is said to be filling

if every component of Y — « is a topological disk.
Proposition II1.9. The dual arc system is a filling arc system.

Proof. Tt is enough to show that each component C of Y —«a(Y) is contractible. Using
restriction of the map r to C' it can be deformation retracted onto the component of
the spine in C. Since in each component C' there can be exactly one vertex of the
spine, the set Sp(Y)NC' is a star shaped graph and thus can be contracted to a single
point. This proves that C' is contractible. O]

Definition ITI.10 (Arc Complex of ). The arc complex o7 (3, 0¥) of ¥ is a simplicial

complex defined as follows:
1. The O—simplexes are homotopy classes of simple essential arcs.
2. The vertices (ayq, -+, ay,) span an n—simplex if @ = [J;_, ; is an arc system.

The sub-complex o7, (X2,0%) of o/ (X,0%) only has simplexes whose vertices form
a non-filling arc systems. The compliment of the non-filling arc complex is called
the filling arc space and denoted 7 (X, 0%). The geometric realization space of
i (3, 0%), denoted | o7 (X, 03)| x R, is the space of all weighted filling arc systems.

Example ITI.11. Again as an example we look at the pair of pants to construct
an example of the arc complex. By proposition 2.2 in [FM11] we know that any
two arcs connecting the same boundary components are homotopic to each other.
Thus the arc complexes have exactly 6 vertices: one homotopy class of arcs for each
pair of boundary components and one homotopy class of arcs for a single boundary
component. The arc complex o7 (Sy 3,05 3) is shown in figure .

Theorem III1.12 ([Luo07, [CF21]). The map A : Teich(X) — |u(X,0%8)| x RT
which maps Y to the dual arc system A(Y') is a homeomorphism.

Remark. Corollary 1.4 in Luo’s paper proves this result for “ideal triangulation” of

surfaces with boundary which cuts the surfaces into right angled hexagons. This is
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Figure II1.4: Arc complex of the topological pants Sy 3. The red colored boundary of

the complex in this is the non-filling sub-complex.

the generic case for the dual arc system as in the generic case the weights p.(e) match
with the radius coordinate z(e) defined by Luo. Calderon and Farre proved this result

as stated here in greater generality for crowned surfaces.

II1.3. DILATION RAYS

Definition II1.13 (Dilation Rays). Let X € Teich(S) and A be a multicurve in X.
Consider the completion Yy, - - - | Y, of the components of X —\ and the corresponding
points 2); € Teich(X;). Then A~' (e?!A(Q);)) defines a curve in Teich(X;) denoted by
92);(t). Then gluing all Y;(t) together without any twisting gives a curve X} in Teich(S).
This curve is called the Dilation ray based at X.

Remark. The marking on Y; is determined by the marking on X by restrictions. The
marking on X} is determined by the markings on each Y;(t). If f; : ¥; — Y;(t) are
markings then there is a natural choice for f : S — X} which comes from the universal
property of the pushout in the category of topological spaces. By construction of the
inverse map A™!, markings on 9); are such that the arc a. in Y; maps to the special

representative of the dual arc in Y;(?).
A natural question to ask is whether dilation rays are geodesics? This question is

partially answered in this section.

Lemma II1.14. If for each t > 0 there exists e'— Lipschitz homotopy equivalence
Y; — Y;(t) which homeomorphically maps boundary to boundary and preserves the

special representatives of the dual arc system upto homotopy relative to the endpoints
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and ezxpands each boundary component of Y; by a factor of et for all i, then the dilation

ray X} is a Thurston geodesic.

Proof. Let Y; have boundary lengths (¢4, - - , ¢,) in the decomposition X — X and then
2):(t) = A (' A(2);)) is the surface with boundary lengths e’ - (¢, - - - ,£,) because of
theorem 1.2 in [Luo(7]. By assumption there is an e’—Lipschitz map ¢! : Y; — Y;(¢)
which preserves the special representatives of the dual arcs upto homotopy relative
to endpoints and stretches the boundary by a factor of €!. Since the endpoints of the
dual arcs are fixed on the boundary of each Y; by ¢, gluing all (Y;(¢), ¢Lf;) without
any twisting results in a marking (X}, ¢ f), where ¢; is the pushout of all ¢!, and
(X, 0if)] is exactly the dilation ray X}. Let ¢ be any closed curve in X, and ¢
be the arc of ¢ which lies in Y. Since ¢; is e’ Lipschitz the length of ¢ stretches by
less than e!. This means that after gluing the length of ¢ also increases by a factor

which is less than ef. But since the multicurve \ stretches exactly by e’ we must have
KX, X)) =t. O

From here I will call maps which satisfy assumption of dilation maps. Now if
we can construct a dilation maps for any hyperbolic surface Y with geodesic boundary
we can conclude that dilation rays are indeed Thurston geodesics. But this construc-
tion is not very easy. In the remainder of this section the construction of such dilation

maps for hyperbolic pair of pants is given in order to prove the following result.

Theorem II1.15. If X € Teich(S) and X is a pants decomposition of S, then the

dilation ray X7 is a Thurston geodesic.

Here is a rough outline of the construction. Due to Thurston we already have
stretch maps which stretch the boundary of pants by a factor of e, but do not preserve
the dual arc representatives. The key idea in the construction is to take the “average”
of two stretch maps defined over different triangulations with opposite orientations
and show that this average map preserves the dual arc representatives. First we define

the average of Lipschitz map as done in [GK17].

Proposition II1.16 (Barycenter in H?, Lemma 2.11 in [GKIT]). Let I = {1,--- ,k}
fork>1 and r = {r; € R" },c; are such that Y ,r; = 1. Let
(HQ)i = {(pi)ier | Zrid(p17pi)2 < oo}
icl
Then there is a map
m, : (H?)! — H?

which maps (p1,--+ ,pn) to the minimizer of Y . 7:d(-,p;)*. Moreover, m, has the

following properties:
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1. m, s r;—Lipschitz in the i—th entry, i.e.

d(mﬂ(pl) e 7pk)7 mg(qb T 7Qn)) S Zrzd(pw QZ)

2. m, is PSL(2,R)—equivariant.
3. m, is diagonal, i.e. m,(p,--- ,p) = p.

4. If o is a permutation of I then M, - ,Ta(k))(pg(l), C L Do(k)) = My (pr, D).

Example II1.17. Consider any two points z,w € H? and let r = (1/2,1/2). Since
barycenter map is equivariant we apply an isometry g that gz, gw lie on the imaginary
axis with gw = ¢ and ¥(z) > 1. Then my,(7, gz) is the point which minimizes the

function
d(p, g2)* + d(p,i)?
5 .

Since 1d(p, gz)%, 3d(p,i)*> < ®(p) it is easy to see that m, (i, gz) is just the midpoint

®(p) =

of the geodesic [i, gz]. Using the equivariance it follows that m, (w, ) is the midpoint

of the geodesic connecting [w, z].

Proposition II1.18 (Barycenter of Lipschitz Maps, Lemma 2.13 in [GK17]). Let I
and r be as in the previous proposition. Consider X C H?, p € X, and Lipschitz maps
fi: X > H? fori € I. The map f: X — H? defined by p — m,(f1(p), -, fr(p)).

Then Lip(f) < >, Lip(fi)-

Let f; : Y — Y’ be K—Lipschitz homeomorphisms between hyperbolic surfaces
which are pairwise homotopic. Then let f; : ¥ — Y be their lifts such that f;(7)
lie in the same fundamental domain of Y’. Then if f' Y — Y is the barycenter of
fi with r = (1/k,--- ,1/k), then using the equivariance of f; and m, this map can
be pushed down to a Lipschitz map f : Y — Y’ with Lipschitz constant less than
K. This is well defined due to the equivariance of m, as any other choice of lifts are

related by a deck transform.

Let Y be a hyperbolic pair of pants and let u be a maximal lamination on Y. Let
Iy : Y — Y be the map which cuts the pants into two isometric hexagons H; and Hy
and pastes them back together inside out. This isometry is orientation reversing and
maps ¢ to another maximal lamination p’ of Y. See figure[[TL.5] The shear parameters
of the new maximal lamination ;' have the same magnitude as the shear parameters
as p but with the signs inverted as the sign is dependent on the orientation of the

triangles about the geodesic changes.
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Figure II1.5: The action of the map Iy.

Definition IT1.19 (Construction of the average stretch map). Let Y be a pair of pants
and p be some maximal lamination on Y. The we can construct another maximal
lamination g’ on Y such that the shear parameters have the same magnitude and
opposite sign. The there are stretch maps ¢! : Y — YA(t) and ¢! : Y — Y (¢).
Since Y* and Y* are the same boundary lengths, the markings (Y*(t), o' f) and
(YH(t), 0" (t) f) represent the same point in Teich(3), which will be denoted by just
2)(t). Define ¢ : Y — Y*#(t) to be the barycenter of ¢! and I¢! with r = (1/2,1/2),
where I : Y# (t) — Y*(t) is an isometry compatible with the markings.

Proposition I11.20. The map i : Y — Y (t) is an e'— Lipschitz map.

Proof. From proposition [II1.1§] it follows that Lip(¢}') < e’. Since the stretch maps
achieve the Lipschitz constant €' at the boundary, it is easy to see that so does 1} as

all points in consideration lie along the same boundary geodesic:

—_— —_—

(G (), @4 (1) £ d(@t (1), 21 (y2)) + AW (92), o1 (1))
(4 1), ) + (et 01), o ) )

= etd(y1, 3/2)-

=8

(G (1), ¥ () =

N | —

]

Proposition II1.21. The map v} is an affine homeomorphism on the boundary of

the pants.

Proof. We prove a much more general statement which implies this claim. Suppose
that iy, iy, are two points on the imaginary axis in H?. Then the barycenter of these
two points weighed equally is the mid point along the geodesic joining them which
in this case is 7,/4172. An affine map on the imaginary axis is of the form iy > iby*
where a,b € R. If we have any two affine maps on imaginary axis iy +— ibjy™

ajtag

and iy — 1byy® then the barycenter map would be of the form iy — i1/biboy™ 2 |

which is again affine. This completes the proof as ¢} and ¢}’ " are affine maps on the

boundary. O
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In order to prove that )" preserves the dual arc representatives we define a few

tools and objects and re-state the problem in terms of these.

Definition IT1.22 (Teichmiiller space of markings affine at boundary). Let [(Yo, fo :
Y — Yy)] € Teich(X). Denote the boundary components of Yy by by, -+ ,b,. Then
define

Teichy(Yy) = {(Y,f : Yy — Y) | f is an orientation preserving homotopy equivalence,

f

,, is an affine homeomorphism for each component}/ ~
T

where (Y, f) ~ (W, g) if there is an isometry [ : Y — W such that If is homotopic to
g relative to the boundary 0Yjp, i.e. it fixes the boundary pointwise throughout the
homotopy. We will denote elements in this space by Qs = [(Y, f)]s.

There is a natural map  : Teichy(Yy) — Teich(X) given by [(Y, )]s — [(Y,ffo)].
Proposition II1.23. 7 s a surjective map.

Proof. Given any [(Y, f)] € Teich(X) there is a “straight line” homotopy on the lift of
boundary components in the universal cover from }—]?0_/1}@ to an affine homeomorphism
on b; for each i. This gives us a homotopy H : Y, x [0,1] — Y between f fy 1| v,
and an affine homeomorphism on the boundary. By corollary 1.4 of [EKT1] there is a
homotopy G : Yy x [0,1] — Y such that Gy = ff; ' and H; = G;Hy. The map f = G,

is affine on the boundary and is a homeomorphism. Then 7([(Y, f5)]s) = D). O

Suppose Q) = [(Y, f)] € Teich(X) and without loss of generality assume that
ffo' + Yo — Y is affine on the boundary. Let a(Y) and «(Y;) be the union of
the special representatives of the dual arc system in Y and Y respectively. Then
Y —fy Ha(Yy)) and ¥ — f~1(a(Y)) are both disjoint union of disks with punctures on
the boundary and there are quotient maps qo, ¢ from these to X respectively. Cutting
Y along fy*(a(Yp)) and then applying the quotient map ¢ on these collection of disks,
then using the universal property of quotient maps there is a homeomorphism from
Y — 3 which maps f; ' (a(Yp)) to f~H(a(Y)). Composing with the markings this
gives a homeomorphism f; : Yy — Y which preserves the representatives of the dual
arcs. This defines a section s : Teich(X) — Teichy(Yy) which maps [(Y, f)] to [(Y, fs)]s-

Definition ITI1.24 (Relative Twist parameter). Suppose (Y, f), (W, g) € 7~1(2)) and
I:Y — W is an isometry such that ¢ = If is homotopic to ¢» = g via a homotopy
H. Fix a lift ¢ of . The homotopy H lifts to a unique homotopy in the universal
cover H : }70 x I — W so that I:IO = @/; Consider the boundary component b; of Y,
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and fix a lift of the boundary component b;. For any §o € Y, define the relative twist

7; along b; to be:

(Y, £), (W, 8)) = d(Ho(§o), Hr(5o)) (IL.1)
where dg is the signed distance along the orientation of the boundary components.
Since H is a lift of ¢ we denote it by .

Proposition III.25 (Relative Twist is well defined). The relative twist 7; of the

boundary b; is independent of:
1. the point 9.
2. the chosen lift of ¢ or the lift of the boundary component b;.
3. the homotopy H.
4. the isometry I.

Proof. 1. This follows directly from the fact that f and g are affine on the boundary.
Since Y and W have the same boundary lengths it follows that f and g are just
rotations. In the universal cover if we choose the lift of b; to just be imaginary
axis, then the affine maps are of the form z — k;z and 2 — kyz on the imaginary

axis. Consider two points o and ¢, in the lift b. Then,

ds(@(T0), ¥(§0)) = do(P(40)), (51)) + ds(@(h)), D(§1)) + ds (W ()), (i)
from the discussion above the first and last terms cancel out.

2. A change in the lift just corresponds to composition with a deck transform which

are isometries, and thus the choice of lift does not matter.

3. Consider two isotopies H and G between ¢ and . Then we want to show that
the unique lifts H and G with Hy = Gy = ¢ for some fixed lift of ¢, have
the same endpoint i.e. H; = G;. Consider the homotopy F, = (H,) ' (G,) is
a homotopy from idy, to itself. For any yo in the boundary component b; we
get a closed loop Fi(yo). If this loop is non-trivial, then F} cannot be identity
as any essential arc with both endpoints in b; will not be mapped to itself by
Fy. Thus Fi(yo) is a trivial loop on the boundary. By construction, we have
Ho(gjo) = éo(go) and H, (Go) = ”yél(g]o) where ~ is some deck transform. There
is a unique lift F' so that Fy = id g, which is given by E, = (H,)"'(Gy). Since
F(yo) is a trivial loop it follows that F} (i) is a trivial loop in Yy and so Fy = idyg,
implying that H;(f) = G4 (ijo). This fixes the lift of .
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4. This just follows from proposition [[.26] as any other isometry compatible with
the markings is homotopic to I and thus has the same lift to the universal cover.
O

Proposition I11.26 (Triangle identity). Let (Y1, 1), (Ya, £2), (Y3, f5) lie in the m—fiber
of 9 = [(Y, f)]. For any boundary component b; of Yy the relative twist parameters
satisfy the identity:

Ti((}/la fl)v (Y?n f3)) - Ti((}/la fl)v (Y27 f2>> + Ti((}/% f2>7 (Y},, f3))

Proof. There are isometries I : Y7 — Y5, I, : Yo — Y3 which are compatible with the
markings. If H is the homotopy from I1f; to f; and G be a homotopy from I1f; to fs.
Then the concatenation of the isotopies F' = G x (IH) is a homotopy from I5/;f; to
f5. Using this homotopy to calculate 7;((Y1, f1), (Y3, f5)), the identity follows from the

triangle inequality and the fact that all points lie on the same geodesic. O

It is easy to see that 7; is a well defined map Teichy(Y') x Teichy(Y) — R because
if (Y,f) ~ (W, g) in Teichy(Y") then their relative twist is zero as ¢ and ¢ are equal

on the boundary.

Proposition II1.27. Let n be the number of boundary components of Yy. The map
7(,s) : 7 HY) — R™ which maps some ', to it’s relative twist parameters is

bijective.

Proof. Suppose that 7;((Y1, 1), (Y, f)) = 7((Ya, £2), (Y, £)) for all boundary compo-
nents b; then using the triangle identity 7;((Y1,f1), (Ya,£5)) = 0. This means that
the isometry I : Y; — Y5 is such that If; = f; on the boundary. It is possible to
construct a homotopy relative to the boundary between them as Homeoy (Y, 0Y) is
path connected. This proves injectivity of 7.

Let (71,--+,7,) € R". Consider the lift fof f: Y, — Y to the universal cover. On
each boundary component f is affine, let 5va be the restriction on some lift b; of the
boundary component b;. There is a unique isometry v € PSL(2,R) which fixes b;
and ds(f(70),vf(90)) = 7. Let (§\g/l be ’y(‘;f; and let H be a straight line homotopy
between 5ng and 5E Using the same technique as in we get a homeomorphism
g : Yy — Y such that g is homotopic to f and g|bi]oy0 = py(‘%. It follows that
(Y, g), (Y,f)) = 7; for each b;. This proves that 7 is surjective. O

Lemma II1.28. Let Q) = [(Y, f)] € Teich(X) where ¥ is the topological pair of
pants. Let pu, 1/ be a mazimal laminations on'Y as constructed above. Let h(t) =
[(YH(t), ¢ )]a, @g,(t) = [(Y¥ (), 0" )]s be points in Teichy(Y) where ol and @ are
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the stretch maps Y — YH(t) and Y — Y*(t) with mazimal laminations p and 1/
respectively. Let Qa(t) = [(Y*(t),¢))]s where ' is the average map as described

above. Then the following are true:

1. For any boundary component b; of Y,
Ti(s(D"(1)), D5(1)) = —7(s(D (), Vj (1))
2. For any boundary component b; of Y,
7i(Ya(t), s(P"(1))) =0

Proof. Since YH(t) = P* (t) as elements of Teich(X) let s(V (1)) = s(V*(t)) =
[(Y#(t),£s)]s. The idea for the proof of this lemma stems in the fact that ¢} and
o " are related to each other by an orientation reversing isometry, [y as described
earlier. As Iy maps u to ' it follows that the outer square in the following diagram

commutes.
I
Y Y s Y

ol | | £s 8s

YH(t) R YH(t)
Let g, = Iyu(t)fslgl. Since Iy pointwise preserves the seams along which we cut the
pants into hexagons, and since f; preserves the dual arc representatives, it follows that
in each of the three possible cases for the dual arcs discussed in example[[I1.2] g also
preserves the dual arc representativesﬂ Using the commutativity of the outer square,
and the fact that £, ~ /' it follows that g; ~ ¢!. It follows that [(Y*(t),g,)]s =
[(YH(t),£,)]s as the distance between g,(7) and f,(§) is zero where § is the lift of a
boundary point which belongs to the intersection of seam of the pants and some dual

arc representative. With this construction the two statements follow.

1. For any boundary component b; of Y let ¢ be the lift of a point y which is the
endpoint of the seam of the pants on b;. Then using the fact that Iy is an

orientation reversing isometry and I;,'(§) = §:

(V7 (0,82, (V7 (1), 01)) = do(&(3), ' (7))
= Ao 13 0): Ty i1y )
— —d,(E@). ¢ 3)
— (V). £), (YR(1), )

!The only non-trivial case to check is the last one. In this case the arc with endpoints on the

same boundary is preserved by Iy as it is just reflected about the midpoint.
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Thus the first statement follows.

2. By definition of ¢’ : Y — Y*(t) we know that for any g in the lift of a boundary
component b; the signed distance dy(¢"(7), o (7)) = —ds(V(§), ¢ (7). Thus
it follows that

(Do), V(1)) = —7:(Va(t), Vs (1))

Thus using triangle identity and part 1 of the lemma, it follows that

7:(Da(t), s(D"(1))) = (Do (1), V() + (D} (2), s(D" (1))
= (1o (1), DL () — (DY (1), s(D (1))
= —7i(Valt), s(D (1))

which completes the proof.
O

This lemma tells us that v preserves the dual arc representatives of 2) upto

homotopy relative to the end points, and thus is a dilation map. Combining this with
lemma this proves theorem [[TL.15]

Remark. As mentioned in the above sections, dilation rays can be defined for arbi-
trary geodesic laminations as done by [CF21]. If X is a geodesic lamination which
is the Hausdorff limit of pants decomposition \,, then using results in [CF24] we
can conclude that the dilation rays based at X with respect to A\ are also Thurston

geodesics.
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